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Abelian monopole and center vortex views at the multi-instanton gas
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We consider full non-Abelian, Abelian and center projected lattice field configurations built up from random
instanton gas configurations in the continuum. We study the instanton contribution EthDrce with
respect ta(i) instanton density dependencg) Casimir scaling andiii) whether various versions of Abelian
dominance hold. We check that the dilute gas formulation for the interaction potential gives a reliable approxi-
mation only for densities small compared to the phenomenological value. We find that Casimir scaling does not
hold, confirming earlier statements in the literature. We show that the lattice used to discretize the instanton gas
configurations has to be sufficiently coarse=(2;compared with the instanton siz_e such that maximal
Abelian gauge projection and center projection as well as the monopole gas contributionQ® therce
reproduce the non-Abelian instanton-mediated force in the intermediate range of linear quasiconfinement. We
demonstrate that monopole clustering also depends critically on the discretization scale confirming earlier
findings based on monopole blocking.
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[. INTRODUCTION and the instanton size distribution, are phenomenological in-
put, beyond justification coming from a truly semiclassical
A few years ago, a RCNP group including two of the approximation. The latter is available only for a single in-
present authorg1-3| started systematically studying the stanton[10], however afflicted with the famous infrared di-
properties of instanton systems with respect to confinementergence.
by using multi-instanton simulations. The instanton is a Phenomenologically, in the instanton liquid model instan-
quasi-pointlike topological object in Euclidean space-timetons are occupying Euclidean space with a densitynof
and, pemg ;elf-dual, satlsfles the Yang—l\_/lﬂls f|_eld equations_ /v =1 fm~4, and with an average radiﬂy 1/3 fm one
[4]. Mixed instanton—anti-instanton configuratiofs (gas . L= 4
or liquid) only locally are approximate solutions, but they gets a packing fractiofi=n p %(1/?2' For our purposes
offer the attractive possibility to solve, in a semiclassical-likewe fix only an average instanton radjpis 0.4 fm. We study
fashion, theU ,(1) problem(explain the largey’ mass [6]  the influence of the instanton density, considering 1~ fras
and to explain chiral symmetry breakifg,8]. (See Ref[9]  the “physical” value. This leaves some room for the choice
for a recent review.One main focus of our previous work on of the size distribution.
instantons, neglected by others, was to explore under which Lattice search for instantons tee method of choicéo
circumstances a dense, however random instanton systeaitain these quantities and the size distribution relying on
could provide confinement. In the beginniff it has been first principles. As for pure gluodynamiosnly lattice studies
pointed out that the monopoles induced in the instanton sysare at hand presently to quantify the instanton structure of
tem and detected by Abelian projection have the clusteringhe vacuum. Over the last years the results have not much

property held necessary for confinement. As for 9@  convergedcompare the recent conference reports Réfs-
force itself, in Refs[2,3] quantitatively the conclusion has 13]). Different groups roughly agree on the size of instantons
been reached, after some refinements, that with the widelwithin a factor of two, e.gp=0.3...0.6 fm forSU(3).
accepted density of 1 faf of instantons plus anti- There is no agreement at all concerning the denkity

instantons and an average instanton sizp-eD.4 fm, only ~ Which is strongly dependent on the procedure to remove size

40% of the stati®Q force could be reproduced at distances () vacuum fluctuationgcooling, smoothing, ett.and
aroundR~1 fm. technical parametefsooling steps, cooling radius, et¢As

a tendency, lattice studies give higher density and larger in-

This result was achieved using an instanton size distribu® h h logicall 4 1t is fai
tion based on the idea of freezing of the strong coupling®2Ntons than phenomenologically assumed. It Is fair to say

- Al 1A [
constant at large distance. This assumption leads to a dimef1at only the topological susceptibilityyoy/ Vo= 0.45(3) for
sionally dictated behavior of the size distribution like SU(3) and 0.50(2) forSU(2), and theaverage instanton
dn(p)/dp=p % in the infrared. One should remember that S\Z€ are supported by lattice studies. The instanton size dis-

the main parameters of any such model, the instanton densiﬂ}jb‘tth]ic’tnI i-:' much more delicate to assess. We will comment
on that later.
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This paper is dedicated to a critical reappraisal of the(blocked monopoles or thick vorticgsa scale which be-
instanton model to describe, besides other features of theomes decoupled, in the continuum limit, from the lattice
Yang-Mills vacuum, its confinement property, and we shallscalea. As far as instantons are discussed as a possible mi-
clearly point out the deficits of this model. Although seem-croscopic mechanism to induce Abelian defects, finding the
ingly insufficient in quantitative respect, it might be interest- correct matching scale is tantamount to defining this exten-
ing to see to what extent the contribution of instantons to thejon.
confining force depends on thedistribution. Also the ques- There have also been statements in the literafd@d
tion whether the instanton generat®@ force can be repro- criticizing the instanton contribution for violating Casimir
duced in accordance to Abelian, monopole or vortex domiscaling of theQQ force. While this feature of the non-
nance needs some clarification. One has to answer g rhative force at intermediate distang@s] is largely

q#es:!onl apt‘f\t’)h'lc.h scalztk;e .t”;:)del ch:an be ftf’l?(:eddb]}’ atn not understood within Yang-Mills theory and continues to
etiectively Abelian model with condensing Abelian detec S'pose a problem for other models of confinement, we want to

Monopole andZ(N) vortex mechanisms are presently the make clear to what extent this criticism is justified in the case

leading candidates for an effective infrared description com-_, . . . .
- . S of instanton based models. Finally, many discussions on the
prising confinement. We shall see that these descriptions are

applicable to the instanton mediated force as well. This idnstanton generateQQ force are based on a dilute gas for-
expected, corroborating earlier wofie4] and the widely ~Mmula worked out by Callan, Dashen and Grf2s]. There-
studied interrelation between instantons and monopolefore it is of interest to demonstrate under which circum-
[15,16 and the newer studies concerning the interplay ofstances the result of multi-instanton simulations deviates
instantons and vorticdd.7,18|, respectively. from the one-instanton approximations made in R21]. In

Said in another way, what we want to clarify is the the physical range of packings the effect of different instan-
complementarity between the explicit semiclassical-like detons on the Wilson loop is not expected to factorize anymore.
scription in terms of continuous instanton fields on one hand We believe that this study contains some lessons for other
and the monopole and vortex aspects on the other. The lattettempts of an explicit modeling of the QCD vacuum. The
degrees of freedom seem to become physically dominant igbserved scale sensitivity of the monopole or center vortex
the infrared. This is the place where, for our purposes, thglescription seems to be a more general feature of the
lattice discretization appears: it is an infrared matching scal@omplementarity between semiclassical continuum models
between the instanton picture and the gauge singularitiegy non-perturbative vacuum structure and condensing de-
which become manifest in the result of gauge fixing andrects. |t should be remembered that the concept of Abelian
Abelian projection. If the discretization scale is chosen too, monopole dominance had been introduced as a property

tified I | tary d i fth '¥f gauge fields in the infrard@2—27, not necessarily on the
med as well. owever, a complementary description ot the . Practically, however, all evidence comes from doing

Instanton _medlated force can be achleyed only if the matc the gauge fixing and Abelian projection on the lattice for
ing scale is somewhere between the size of and the distance ; . . .
between instantons. gauge fields generated by lattice simulation. In the present

For the sake of clarity we stress that this papends a work the instanton model continuum configurations will be

lattice study. The lattice is employed here only to enable thediScretized with the purpose of performing the same steps
necessary coarse-graining of a continuum model. In a latticEP!lOWing [25,26 for the monopole part an@8—31 for the
gauge theory investigation the role of the discretization scal¥Ortex part of the heavy quark force. Explicitly calculating

a would be completely different. Thera, is an ultraviolet these contributions, it turns out that the discretization saale
cut-off which permits, at the cost of a running bare latticeiS an influentialinfrared coarse-graining parameter and must
coupling Bc1/g?, not to dealexplicitly with fluctuations e chosen in correspondence to the typical size and density
of smaller and smaller wavelengths. In this case, thefthe disordering continuum non-perturbative configurations
requirement of scale invariance in the IlimigA formiﬂg the vacuum. This is what our instanton model
xexy —(67%/11IN,) 8]1—0 is indeed crucial and must be clearly illustrates.

confirmed for any dimensionful quantity to be physical. In- In Sec. Il we describe how the lattice discretization of
stantons can be found which are Stochastica"y generatéépntinuum instanton—anti-instanton Configurations is done.
within the sample of fields. Being lumps of gauge invariant!n Sec. lll we demonstrate that the one-instanton description
topological density they are of immediate physical impor-of the QQ force breaks down already in moderately dense
tance. As mentioned above, their average size is relativelinstanton gases. In the same section we study to what extent
well-defined, independently of the lattice scaléor suitable the forces for quarks and adjoint charges deviate from Ca-
methods of suppressing the shortest fluctuations living on theimir scaling. Section IV deals with the question of how
lattice). For the confining Abelian defects the situation is coarse-graining the lattice has to be chosen such that Abelian
somewhat different. They are identified by gauge fixingprojection, the monopole gas and the center projection are
(which is practically performed on the lattice of scalg and  able to reproduce the non-Abelian instanton-mediated force.
the scale invariance of the corresponding density, of the disin Sec. V we show, for the case of monopoles, that this
tribution of length or area, etc., are controversial. Moreoverpecessary blocking corresponds to the percolation property
it is generally agreed that in order make these defects corheld necessary for confinement. We summarize and conclude
densing they have to be defined with some extensioin Sec. VI.
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[I. CONTINUUM MULTI-INSTANTON CONFIGURATIONS This form of the size distribution was originally estab-
AND THEIR DISCRETIZATION lished in a mean-field treatment of color-averaged interac-

We b wdi ¢ theOo f q bl tions [32]. Averaged over orientations, the interaction of
e base our studies of thQQ force and possible equal-sign and opposite-sign pairs is repulsigs p7p3. In

complementary descriptions in terms of monopoles and ce P L y it
ter vortices on a model which comprises the Yang-MiIIsq.he mean field approximation for the one nstanton distribu
on, this results in a suppression exponentiallyfn

vacuum as an ensemble of random collections of instantonté i . . . .
As for the lattice evidence for such an instanton size dis-

and anti-instantons. The interaction is partly taken into ac- _ " _ ; ;
count in the size distribution given below. tribution we refer to the systematic problems mentioned in

In order to fix the scale of our continuum model, we the Introduction. One should keep in mind that instanton
finding algorithms depend on cooling or smoothing. Huge
o . . ' .~ _instantons distinguished by a very weak field strength could
size is most solidly defined by the profile of the topological L i

density after a few cooling steps. Our choice realisticallybecome washed out within the first steps of cooll¥g]

applies toSU(2) Yang-Mills theory. Unless stated otherwise together with the noise. Smith and Tef8g] have reported

(when we study the density dependence of the instanton mé&" Instantorp d|st_r|but|on from qu_encheﬁs U(3) lattice en-
diated force in Sec. )l the density is choseN/V=(N, Sembles resembling an exponential cutoff at lgrg€he size

4 ) : — distribution found by Hasenfratz and Nietg84] has been
tg‘gé\égl fm™ with the packing fractionf=p"(N/V) jnerpreted by Shuryak3s] in an exponentially suppressed

parametrization in terms of a dual Higgs mechanism. There
We adopt the sum ansafta2] are also other warnings, motivated by the wealth of semiclas-
sical configurations known toddg7], not to take for granted

choose an average instanton sEe 0.4 fm. The average

AL (X)= zk: AI,L(X;Zk Pk, Ol + Z AL(XiZE,PI,OQ Egg sz]rly the size cut-off as seen in the lattice studies of Refs.
k ,34.
1) Very recently, in Ref[38], a distribution like Eq(3) has

. . . . . . been demonstrated to emerge, in dimengibn2, from a
in terms of instanton and anti-instanton solutions in the sin-

gular gauge where an instanton is written as very general quel Of. soﬁ(infla’gable_ spheres _with
excluded-volume interaction which inherits from QCD not

more than the semiclassical perturbative instanton fugacity
. 2 proportional top®~°. In the grand canonical Monte Carlo
(x—2)[(x—2)%+p?] 2 simulation of this system thg dependent fugacity has been
used in conjunction with the excluded-volume constraint.
Here p and z denote the instanton size and the space-time Because the instantons are randomly placed inside the
position of the instanton center, respectively. The instantomyoy_ it might be interesting to know how frequently instan-
solution can be rotated in color space by the color or_ientatiomons are strongly overlapping, which we define by
matrix O. The 't Hooft symbol »°** is defined asy*”  p,p,/A%,>1 (whereA, is the Euclidean distangeFor the
=gPrr(1— g% %) — P+ 8°8%. The anti-self-dual size distribution(3) and the physical density of 1 fif, the
solution AL is obtained replacing ;b/“’ by 7P numberN_ of strongly overlapping pairéncluding all pos-
E(_1)6/‘4+5”4;b,uv_ The instanton solutions have several s_|bIe pairings between instantons an_d anu-mstar)tmeta-_
gluonic collective modes related to variations of parameterdVe t0 the total numbeN=N. +N_ of instantons and anti-
like size and positior(five collective degrees of freedom Instantons amounts t./N=0.072. This fraction actually
For pureSU(2) gauge theory, the color orientation matrix is depends on the width of the size dlstlbutlon. For instance,
characterized by 3 parametdtise Euler angles ForN, col-  for a sharp distributioin(p)/dp= &(p—p) one would find,
ors the number of collective parametdend gluonic zero with the same density ang, a smaller fractionN_ /N
mode$ generalizes to M. . =0.056 of closely packed pairs. We are aware of the prob-
Actually, we generate the ensemble of instantons and antlem that the linear superposition ansatz should be replaced
instantons by randomly placirgy in a 4-dimensional Euclid- by some better ansat@ratio ansaty for close instanton-
ean continuum box. Théadjoiny color orientationsO, are  instanton pairs and by the streamline ansatz for instanton—
taken randomly with the Haar measure, and the instantoanti-instanton pairs at high densities. For the observed per-
sizesp, are sampled according to the following size distri- centage of close pairs in the physical range of densities, we
bution: have neglected this potential complication. This improve-
dn(p) ment would become more important with an algebraically
np) s 27 falling size distribution.
dp exi = Bplp%) @ In our actual calculation, we cover the random multi-
instanton configuration by a lattice similar to RE8]. For
with b=11N./3. Herea and g are fixed by normalizing to the calculation of the fully non-Abelian force the discretiza-
the space-time density &5 dn(p)=N/V and the average tion actually would not be necessary. In fact, we choose a
size [5p dn(p)=pN/V. In the explicit configurations, the sufficiently fine lattice spacing c&=0.05 fm (this should
instanton numbem, is taken equal to that of the anti- be compared with the average instanton sizpe0.4 fm).
instantons\y. For this cas€of the finest latticgthe link variables are given

21020 (x—7) p? 2
AL(X2,0,0)= 7" (X—2),p

034503-3



M. FUKUSHIMA, E.-M. ILGENFRITZ, AND H. TOKI PHYSICAL REVIEW D 64 034503

simply asU ,(x) =exdiaA,(x+34a)] using the gluon field —X)*+p°]"?]. It depends only on the instanton sizand the
of the multi-instanton system on the mid-point of the link shortest distance from the trajectory to the instanton center.
={x,u}. In connection with Abelian gauges and Abelian Notice that the instanton orientation does not matter. That
projections, we will apply a coarser discretization scalepart of integration is normalized to unity. Replacing the trace
Then theSU(2) link variables are constructed by integrating 3tr(U;U?) in Eq. (6) by the trace in the adjoint representa-
the vector potential defined on the continuum space as  tion, %trad(Ulug)z %[(tr(U1U£))2—1] one can extend Eq.
(5) to the adjoint {=1) charges. For the comparison in this
section we adopt the instanton size distribution in the form of
Eqg. (3) and confront the dilute gas resus) with multi-
instanton simulation results where the same distribution has
! ~ L been used for sampling of thg’s. In this section, the total
=PI exdaA,(x+(j—3) ua)l. (4)  densityN/V is a free parameter.
=1 The potential(for fundamental and adjoint chargesb-
~ - : tained from Eq(5) is simply proportional to the density/V
Here, the path from(_ to X+’“a_ haf been subdivided into as shown in Fig. 1 by the solid lines. The data symbols in
smaller segments with step size afa/l, and the above Fig 1 denote the results of uncorrelated multi-instanton
path ordered exponential has been calculated as a produgyyiations. The comparison is made for the instanton den-
over finer links defined on these segments. Actually, we takgiijeg (8 N/V=0.05 fm %, (b) N/V=0.20 fm %, (c) N/V
a=0.05 fm as the segment size. This construction becomes 0.60 fm #, and(d) N/V=1.00 fm “. The results of the
increasingly important when the discretization scale of thesimulation are based on a statistics(af 100, (b) 300, (c)
lattice gets comparable with or larger than the average in500, and(d) 1000 configurations, respectively. The left pan-
stanton size. els show the potential between fundamental charges, while
Periodicity of the lattice gauge field configurations hasthe right panels show that between adjoint charges.
been enforced by placing the 4-dimensional Euclidean box The simulation data have been obtained, using the lattice
of size V=(4.8 fm)* (to be covered by the lattiténto a  discretization of the random instanton—anti-instanton con-
bigger box. The 3-dimensional boundary in each of the eightigurations as described above, from expectation values of
directions is extended to a 4-dimensional slab of thicknesgvilson loops
1.2 fm continuing the basic box. In each of these slabs cop-
ies (phantom instantonsare placed of instantons which are _
near to the opposite boundary. These are also included into (qu”(R,T)>—<Tr|1;[C U'>
the sum (1) representing the continuum vector potential.
Then, along the links restricted to the basic box, the abovavhere the contou€ is a rectangular closed path of sire

x+Aa
U|=UM(X)=PeX% fx dx, AL(x")

)

construction is performed. X T on the finest lattice ch=0.05 fm, a spacing almost 10
times smaller than the average instanton size. The non-
. THE 6Q POTENTIAL FROM THE RANDOM Abelian potential

INSTANTON LIQUID AND THE DILUTE GAS LIMIT
(Wi (R, T))

1
VIR)=- alo (Wi (R, T—1))

®

The effect of instantons on the heavy quark potential has
been first discussed in R421] by using the dilute gas ap-
proximation. There a formula has been derived according thas been constructed from the discrete logarithmic time de-
which the static potential could be written as rivative.

We see that Eq(5) is only approximate, and applicable

E) 5) only for a system of widely separated uncorrelated instantons
p)’ and/or anti-instantons. Then the effect of single instantons

exponentiates in a Wilson loop at finite temporal extengion
wheredn(p)/dp is the respective instanton size distribution Only at very small distance, where overlapping of instantons
and the factor two refers to instantons plus anti-instantonsan be neglected, simulation and analytical formula agree in
Here, a dimensionless potentldd(R/p) (R=|r|) is defined the quadratic behavior of the potential.
by integration over the instanton positi&n Already for a moderate density oFV=0.2 fm * devia-

tions are remarkable which develop differently with higher

R 1 .. R density for fundamental and adjoint charges. From the com-
W<—> = —3J’ d*xt{U(r—=x)UT(=x)—1].  (6)  parison we conclude that the dilute gas formula for funda-
P 2p mental and adjoint charges is valid only up to a density of

: o /1 0.05 fm 4 which corresponds to a packing fractiés-1.3
The fundamental static charges<;) are represented by X 103, Corrections become visible first at large distances of

static trajectories positioned atandr in 3-space(with R R~1.5 fm. We show this for the density 0.2 fif corre-

=|r]). The color matrixJ(r —x) represents the path ordered sponding to a packing fractiof=5.2x 10~2. The resulting
exponential along one of the infinite trajectories traversingyotential from the multi-instanton simulation continues to
the instanton and is given dd(r —x)=exgdimr (r —x)/[(r rise where the dilute-gas formula starts already leveling off.

dn
V(R)=2J dp d(pp)p3W
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V(R) [MeV] fund. charges V(R) [MeV] adj. charges F(R) [MeV/fm]
25F 7] 50F = 3 e
[ NV=005 [ 4 Nrv=0.05 [fn] 3 3 NIV=0.6 [fm™]
20f 1wt 400 ;
[ o] E y_ E E
15F ~ ] E E :
: / 1% ,// 300
10f ya 1 20 / 3 g
LS 24 200F
st/ I v/ :
F / 1 E ] o
[ o 1 3 E 100F
0] P 1 0/.I...‘I|..‘I.1—: E
00 05 10 L5 00 05 10 L5 :
R [fm] R [fm] ofl,
V(R) [MeV] fund. charges V(R) [MeV] adj. charges 0.0
100F ” 3 200F ” 3
E - N/V=02 [fm’*] 3 E o N/V=0.2 [fm ] 1
805_ E r ] FIG. 2. The static non-Abelian force derived from simulations
. ° 3 1501 . §—_ of the random instanton liquid and from a dilute gese-instanton
605 o m/— approximation for fundamental(circle) and adjoint (square
3 . > E i I o] charges. The comparison is made for an instanton demyity
/ oo ] =0.6 fm *. The curves and the dashed curves describe the dilute
405' J E gas approximation for fundamental and adjoint charges, respec-
3 /g/ E o[- ] tively.
08/ E [
/ I For the comparison of the instanton contributions to the
b R T T e ealmansfrece i forces between “quark” and “antiquark” in the fundamental
R [fm] R [fm] and adjoint representation, respectively, it is more illuminat-
V(R) [MeV]  fund. charges ~ V(R) [MeV]  adj. charges ing to conglder the derlvat_lves of the potentials shown in Fig.
300F ” 3 600F N 3 1. We are interested now in an instanton gas of realistic den-
[ ol ] . D00 |, ] sity and show in Fig. 2 the result of simulations fal/V
25 7 00 ] =0.6 fm * only, together with the dilute gas result. The
200F e ] a00F g ratio between the adjoint and the fundamental chargeas
[ ] 48 T at all distances and is closest to the Casimir raiat R
150p £ ] 30op e ] =0.5 fm~p where the instanton contribution itself is maxi-
Lok P 1 0ok / ] mal. The ratio becomes quite small as the distance increases.
s /e/ ] L ] This tendency is seen for the other densities, too.
sof ¢ 1 1w0fF 4 ] In Fig. 3 we show the density dependence of @
4 / 4 L ) —_—
N . ] 0-:«/6/ . . ‘ force at two distancesR=0.9 fm~2p and R=1.5 fm,
00 05 10 15 00 05 10 15 above(a) for fundamental, belowb) for adjoint charges. It is
R [fm] R [fm] interesting to see for the smaller distance that both forces rise
V(R) [MeV]  fund.charges ~ V(R) [MeV]  adj. charges with the instanton densitil/V almost linearly, with a slope
500F 3 1000F E i i i i ima-
E N/V=10 (] 5 E NV=L0 [fm] : gompanble with the dl|9'ie gagone-instanton approxima-
F 3 T 3 tion, up toN/V~0.6 fm™~*. The forces drop down signifi-
400 i 800 E cantly at higher density, as shown by simulationsNat/
A E // =1 fm~4, in the case of fundamental charges relative to the
300 sy S00F / E dilute gas extrapolation, while in the case of adjoint charges
3 ° 3 E even absolutely. A similar behavior is obtained for Bl
: R E : ] bsolutely. A lar beh btained for RIl
200F ° E VA <1 fm. On the other hand, foR>1 fm the behavior is
f/e 3 E /et ! % different. We show this foR~1.5 fm. The force in the fun-
0oy / i 20 g/ ° E damental representation rises almost linearly in the density
/6/ / with a slope exceeding the dilute gas approximation by
[0):% 1 I L. A (1] - BN B B ~ i i ini i
T R T Y B 50%, while the forqe in the adjonjt representation drops
R [fm] R [fm] already at small density below the dilute gas result.
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FIG. 1. The static non-Abelian potential derived from simula-
tions of the random instanton liquid and from a dilute dese-
instanton approximation for fundamentali) and adjoint (ii)
charges. The comparison is made for instanton densikifg
=0.05, 0.2, 0.6 and 1.0 fnf. The curves describe the dilute gas
approximation; the data points, simulation results.
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F(R)IR=0.9fm [MeV] fund. charges F(R)lR—l .5fm [MeV] fund. charges u M(X) =M M(X) u M(X)
300F 3 300F
: : ; Vi=le,(0F  —cu(x) )
250F e 250F ] =
r A : ] C,(X) Vi-]c,(x)]?
200F . 200F B .
; A E ] e Ou 0
150 - x _ 150 - —‘ - X 0 010,00 ) , (10
100F ] 100F T . . .
S ] : ] where the Abelian angle vanab&;t(x) and the non-Abelian
sop ¥ 3 SOF * ] varlable cﬂ(x) are defined in terms dﬂ u(X) as tang, (x)
o 3 b ] =U3()/U%(X%), c,(x)e'%M=[-UZ(x)+iU;(x)]. To
00 05 10 0.0 05 o - clarlfy the contrlbution of Abelian components to the static
NV [fm] ’ N/V [fm ] force, we consider the Abelian projection of full non-Abelian

link variablesU , to the Abelian ones,, . This is tantamount

F(R)lecoorm MeV] g0 charges  FRlkorsm ™MV i charges to replacing, in a Yang-Mills vacuum configuration put into

600F 5 600F 3 MA gauge, theSU(2) link variables byJ (1) link variables,

. A 5 ] (xX)—u, (x) Before this is done the off-diagonal parts
e - S00F E Ulf(x) and U2 2(x) of gluon fields have been minimized by
400k ] g 3 the gauge transformauon which has to be found iteratively.

C ] [ One can further decompose the diagonal gluon compo-
300¢ ‘_ ; 300f ] nenté,, into the monopole part;;° and the photon paﬂﬁh.
200k ,|'. ; o0k ] Using the forward derivativg , f(x)=f(x+ wa)—f(x), the

c E g ] 2-form6,,,(x)=d,60,(x)—3d,0,(x) defines the field strength
100F  * ] 100f ] which is separated as follows:

o ; _ 0k~ - — 0,,(X)=0,,(X)+2mn,,,(X) (12)

0.0 0.5 1.0 0.0 0.5 1.0 ald ald ald

N/V [fm™] N/V [fm™]

into a gauge invariant regular field strength,,(x)
FIG. 3. The density dependence of the forces at dist®ce =mod,,0,,(X)e(—m,7] and a Dirac string parh,,(x)
=0.9 fm and R=1.5 fm for (@) fundamental and(b) adjoint e”Z.
charges. The dotted curves describe the dilute gas approximation From each part of the field strength the photon part
and the data points correspond to the simulation results. gph(x) and the monopole par&mo(x) of the U(1) vector

potentlal can be reconstructed, for instance
can be applied to semiclassical-like multi-instanton configu-

rations. We shall compare the fully non-Abelian force dis-
cussed in Sec. Il with the results obtained after standard tech- 0'“0 2772 O Y(x—x")a, Nuu(X'), (12
nigues of gauge fixing and Abelian projection have been

applied to the multi-instanton fields and the respective con-

“1=(9 ') L,
tributions to the statthQforce have been evaluated. Tech- ushlng the d lattice (;OUL? ml? prccj)pj\gatdm 'IE;: w)
nically, as a coarse-graining device, the continuum configu'/Nere 7. henofsl the bac Wzr lerlvrlamve en, we can
rations are latticized, and the results will depend critically onconstruct the Abelian projected Wilson loop as
the lattice spacing compared with the average instanton size.

For this _stud_y the_ periodic Euclit_jean box _of sixe (WAbe|(C)>=<EX+ é 0,(x)dx, > (13
=(4.8 fm)* is discretized with four different lattice spac- c
ings,a=0.2 fm, a=0.4 fm, a=0.6 fm, anda=0.8 fm, ) ) ) . o
corresponding to lattices 2412*, 8%, and €', respectively. Which contains, besides a “photonic” Wilson loop, the
In all cases, we have chosar-0.05 fm as the segment size monopole projected Wilson loop
(integration stepto construct the linkgpath ordered expo-
nentia) of the lattice configuration. How periodicity is en- <Wm0n(C))=<ex+ é 6%

c

forced has been described in Sec. Il.
First, we consider the maximally Abelian gaudg9]
(MAG), which is defined by maximizing the functional as a uniquely defined factor.
On the other hand, we can also consider the center pro-
jection of an instanton configuration. This requires us to go
through the lattice discretization, too. Then, we use the direct
o maximal center gaugg29]. This gauge is defined as the
with U ,(x) = Uﬁ(x) +i TIULL(X). In the MA gauge, the gauge which brings directly the full link variablék as close
SU(2) link variableU ,(x) is decomposed as as possible to the center element$ by maximizing

" > (14

Rwa= > tU,(x) 72U} (x)7°] 9)

X,
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V(R) [MeV] a=02[fm] V(R) [MeV] a=04[fm] As shown in Fig. 4a), for a lattice spacing much smaller
400F 3 400F E than the typical size of instantons, the Abelian force calcu-
E o Full 't E X i%lll_ 3 lated after Abelian projection from E@13) does not repro-

;O Abelian E E 2 Mawonei : duce the non-Abelian force. Moreover, the Abelian force is
300F O Monopole x4 300F D onopole T )
E . Center ] E A Center ] practically reproduced after the monopole component of the
E . " E E . E Abelian field has been removeby the “photonic” Wilson
200F . 3 200F ¢ 3 loops along& The monopole contribution to the heavy charge
g N N E : . ® 3 force turns out to be smaller by a factor of two. THE?)
E - F : ] force calculated within the center-projected configurations is
o * ] E e ] ..
100F L° 3 100 s f completely negligible.
E &  e=®" B 2 3 For comparison we show in Fig.(l® the same for a
Oilglililgl?ﬁ s s a] 0,{.”?,““]””“”; coarser lattice of lattice spacirag=0.4 fm=p. In this case,
00 05 10 15 00 05 10 15 the Abelian force has increased but it is still far from repro-
R [fm] R (fm] ducing the non-Abelian force. The center component of the
force has become measurable and is comparable with the
V(R) [MeV] _a=0.6[fm] V(R) [MeV] a=038[fm] monopole component which has also increased somewhat.
400F E 400F E This trend continues when we consider an even coarser
§ i‘ﬁéﬁaﬂ % i i‘ﬁ;ﬁan lattice in Fig. 4c) with a=0.6 fm=1.%. In Fig. 4d) we
300F - z‘e‘;figf"le 3 300F O Monopole ] show the coarsest lattice with=0.8 fm=2p. Now the
F 3 B ConE s 3 slopes of the potentials calculated in the various projections
: x % : T are in agreement with Abelian, monopole and center domi-
2005‘ ° L 200;‘ B nance, with an ordering of the quasi-string tensiong,)
: " Bl 3 : 3 > 0 ppelian 0'7(2)~ Tmono- HeEre, of course, the potential can
100F * s E 100F E be looked at only at one or two lattice spacings. Therefore
= ) ] F =] ] . . N
: : : the values of the string tension should be considered only as
3 3 g E rough estimates.
(0] S N SR (1] " BT N T
00 05 10 15 00 05 10 15
R [fm] R [fm] V. MONOPOLE CURRENT PERCOLATION

FIG. 4. The non-Abelian static potential of fundamental charges 1€ monopole current can be defined usingx) follow-
compared with the Abelian projection, its monopole component andng DeGrand and Toussaif#0]. Since the Bianchi identity
with the potential inZ(2) center projection, for different lattice regarding the Abelian field strengﬂlw(x) is broken by the
spacings@ a=0.20 fm,(b) a=0.40 fm,(c) a=0.60 fm and(d)  decomposition in Eq(11), a monopole currenk,(*x) can
a=0.80 fm. The instanton size and density is fixecpte0.4 fm  be defined on the dual link*x,u} as
andN/V=1 fm.

1 — A ~
k/,l,(* X) = ESIJ,VDZﬁaVGD(ﬁ(X_’_ Ma) = ﬂvn,uv(* X) (18)

Ruc= 2, [IrU,(x)]% (15)
v
~ . R , , i
In this gauge the center projection is defined by where n,,(X) =28 ,vapNap(X+ pa). This current is obvi-
ously conserved,al’LkM(*s)zo, which results in closed
Z,(x)=sgritru,(x)]. (16) monopole loops on the 4-Q|m§n3|onal dual lattice. Hége,
denotes the backward derivative.
After the gauge fixing, there remains only a loZ4R) sym- In the previous papef3], “block-spin” transformations

t U R + na)u ith Z(2). (of type IlI) have been applied to the monopole currents
metry asU,(x) =2()z(x + pa)u ,(x) Mg Z(X)E (2) £41,4Z in order to study how the global structure of the

monopole loops changes for Abelian projected multi-
instanton configurations. For large-scale blocking, leading to
(chme,(C))=< 11 Z|> : (17 monopole currents defined on a very codia&rared lattice,
leC monopole clustering appears, i.e. clusters of big monopole
. ) . length are seen to form.

In Fig. 4, we show the instanton mediated non- |nstead of this, in the present study, we consider first the
perturbative force for the standard density 1 “firand fixed  Apelian projection performed on lattices with different lat-
average instanton size=0.4 fm. Instanton sizes were tice spacings. The different lattices would be related, in the
sampled according to the exponentially damped size distrisense of41], by type | block spin transformations. For us,
bution (3). The simulation data are based on a statistics othe difference is just in the choice of the discretization scale
1000 multi-instanton configurations for each discretizationfor our multi-instanton configurations. The histograms have
scale. been, however, obtained in independent runs. In the case of
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Count / Config. Count / Config.
1000 g : 1000
F— a=0.2 [fm] 3
100 | - 100
10k . 10
1E 3 1
01k . 0.1
001 | W § 0.01
0.001 bl i 0.001 b b i
10 100 1000 10 100 1000
Monopole Loop Length  [fm] Monopole Loop Length  [fm]
Count / Config. Count / Config.
1000 1000
E F a=0.8 [fm] 3

100 [ 100 ]
E ; E FIG. 6. Glance into a time-slice of a typical configuration with

10 E continuum instantonéballs) and lattice monopolears living on

b ] the coarsest latticawith lattice spacingg=0.8 fm). Only a subvol-

umeV=(3.2 fm)® is shown.

10

o1 0.1k VI. SUMMARY AND CONCLUSIONS

— We have studied the static quark potential induced by a
i : ] random instanton liquid. We have made the present study in
T e the sequel of the previous wofl8] where an mfgred sup-
Monopole Loop Length  [fm] Monopole Loop Length [fm] pression of the instanton size distribution(p)«<p~"dp has
been assumed. In this paper, we adopt a size distribution as

FIG. 5. Histograms of connected monopole clusters per configud n(p)/dp=ap® Sexp(-Bp%p?) (suggested by lattice in-
ration with respect to their lengths shown for different discretizationstanton searchgsadapted to a space-_time density fV
scales(@ a=0.20 fm,(b) a=0.40 fm,(c) a=0.60 fmandd) a =1 fm * and an average instanton sjze 0.4 fm. We find
=0.80 fm. that the gross effects do not depend on the detailed form of

the size distribution.

Figs. 5a) and §b), 2000 multi-instanton configurations have _ First, we have compared the non-Abelian potential in-
been evaluated; in the case of Fig&)5and 5d) the statis- ferred from the Wilson loop embedded in the simulated ran-
tics was 500 configurations each. Figures 5 show histogranféom multi-instanton ensemble with the well-known dilute-
of dN/dl monopole clusters normalized to the average ocJas €xpression which reduces the potential to the effect of

currence in one configuration. The integral over lengthsiSelated single instantons. We found that the dilute gas ex-
dyression differs essentially from the simulation results if the

density is bigger thags of the phenomenological value, due
to many instantons interacting with a Wilson loop in a non-
L ) exponentiable way. This explains why the quasi-linear part
our ca_seaz_gp) the hlstogra_m of monopole Ioop_s PET CON- 1t the QQ force atR~1—-1.5 fm needs to be found from a
Iﬁﬁ;aggr g'?oﬁsgigmoo&hglralfoﬁ Ienhg(tillljster S|zazcr?n- . simulation. We have found that the force between adjoint
y P Ively short loops as shown 'r}:harges behaves in a more complicated way in the multi-
Fig. 5(@). If the projection is done on a lattice with=2p the  nstanton system.
histogram Fig. &) has already a component of monopole  second, we have investigated the Abelian and center pro-
currents which percolate. One very long monopole cluster ofection of the gauge field configurations built up by random
complicated structure appears per configuration with a dismstanton configuration. The gauge fixing and subsequent
cretization scale=2p, similar to what has been observed projection has been performed introducing lattices of differ-
previously[3], as shown in Fig. @). ent lattice spacing, and we have studied the effect of chang-
In Fig. 6 we show, in a 3-dimensional cut, the instantoning the discretization scale, in particular checking lattice
and monopole content of a characteristic configuration at thagpacingsa=0.2, 0.4, 0.6 and 0.8 fm. In the finer lattice
density. The cross-shaped endcaps of the bars symbolize thedise, the monopole contribution to the heavy charge force
the monopole world lines leav@nte) the volume going to  turns out to be much smaller than the Abelian projected
(coming from another timeslice. In MAG, the monopole force. The force calculated for the center-projected configu-
network (percolating at the coarsest lattids wrapping the rations is completely negligible. With larger and larger dis-
instantons. cretization scale, Abelian, monopole and center dominance

0.01 001 |

configuration, whilefI dN(I) gives the average total length.
When the prolection is performed on a lattice watkép (in
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becomes restored, which is almost perfectly illustrated fothavior in the random multi-instanton configurations using the

a=2p. Then the quasi-linear non-Abelian force can be al-same typical lattice spacings. Only after performing the pro-
most reproduced by the corresponding projected Wilsonection with a discretization scake>p could we find a per-
loops. colating component among the monopole currents, repre-
We stress this result, although the random instanton liquicdented by one or few clusters of huge loop length per
model as such does not appear to be a realistic model for theonfiguration. This parallels the previous observation in Ref.
confining aspect of the Yang-Mills vacuum, because thig3] that blocking of monopole currents is necessary to see
seems to reflect a more general feature to be kept in mind fguercolation or condensation happening.
more sophisticated semiclassical models.

_ We see that in the multi-instanton liquid, @t 2p, Abe- ACKNOWLEDGMENTS
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